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Preface

This monograph is a work in progress—and an academic experiment on build-
ing in public: I am making its content available online as I write it, in both PDF
and HTML formats. I'd be delighted to have you follow along, and welcome
your feedback. Information on how to contact me can be found on the book’s
website. There is also a mailing list you can subscribe to in order to learn when
major updates are released, which will never be used for any other purpose. If
you prefer not to receive email, please see the main website for other options.

Naturally, as this book is a work in progress, it might contain errors—both tech-
nical and typographical. If you find one, please contact me immediately by
filing a GitHub issue. Effort has and will be made to ensure publicly-visible
content has reached a certain level of maturity and can be trusted. The current
table of contents contains the plan for the book’s content, but at present, many
chapters have yet to be written. They are marked with obvious placeholder text
that indicates they are under construction, and will appear in future drafts.

This book comprises the academic side of what I am currently working on, but
it is not my sole focus—or, in some sense, even my primary focus. As such,
progress is likely to be uneven and will appear at random times. If you'd like to
know about what else is on my mind, please visit my personal website to learn
more. And, if you're particularly excited about a planned chapter’s contents,
please feel free to let me know, so that I have a better sense of what to prioritize.

Once this book reaches a complete draft, I plan to rewrite this preface. The
new one will likely become more personal, with reflections on my career—after
all, I did make the unconventional decision to leave academia in favor of other
ambitions while writing this book, and nonetheless plan to actually get it done.

I originally got interested in Bayesian decision-making because I thought study-
ing it deeply could give clues for how to develop artificial general intelligence—
which, in the form of large language models, now exists. Today, I see Bayesian
decision-making as a promising way to study how language models actually
work, and in particular how they handle exploration. I hope this book inspires
the next generation to further connect these research areas. Finally, I thank my
wife Kamilé for her love and support, which has made this work possible.

Alexander Terenin
Vilnius, Lithuania, August 2026
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General

N Natural numbers, not including zero

Z Integers

R Real numbers

C Complex numbers

R4 Euclidean space of dimension d

RX Space of functions from X to R

C(X;R) Space of continuous real-valued functions
[N] Finite set of all integers from 1 to N

@ Disjoint union of sets, concatenation of sequences
1ey Indicator function

o() Asymptotic upper bound

Q) Asymptotic lower bound

o(:) Asymptotic upper and lower bound

Probability

(Q,F,P) Probability space . .
~ Distribution of a random Varlable .

E(-) Expectation of a random variable

Var() Variance of a random variable .
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E(-|-) Conditional expectation. .

M (X) Space of probability measures over X
Mi(Y | X) Space of probability kernels over Y given X
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N(u,0?) Normal distribution . .
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Ber( Bernoulli distribution.

) Kullback-Leibler divergence .

p

Bin(n, p) Binomial distribution.
(
) Mutual information .
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Chapter 1

Introduction

Making decisions in the face of uncertainty is a ubiquitous part of life and intel-
ligent behavior. To illustrate this, let us start with perhaps the most immediate
example possible: your experience in deciding to open and read this book. Per-
haps you've got a question in mind: for instance, how does the Thompson sampling
algorithm work? Or, you might've learned about a class of techniques, such as
upper confidence bounds, and started to wonder, what else is possible? Either
way, time is finite, so you will likely have opened this book in pursuit of a goal.

In seeking the answers to these questions, there are different actions you could
have chosen to take. The first of these will likely have been to glance at the table
of contents—followed, perhaps, by reading this introduction. Or, you might've
jumped straight to one of the chapters of interest—in this case, you likely made
it to this introduction much later. Was your use of time in pursuing the question
of interest effective? From a fundamental perspective, how can we tell?

Uncertainty is a central part of studying questions such as these. Before reading
this book, you will not have known its precise contents in full. Thus, under-
standing what parts to read would have involved gathering information: is a
particular chapter relevant? Should I read it in careful detail? One can think of the
action of skimming a chapter as something like spending a small amount of
time to reduce uncertainty about its contents.

Note that uncertainty is a property of your mind’s model of the book’s contents,
and not of those contents alone. A data scientist who has implemented bandit
algorithms in production systems at a tech company will likely bring a very dif-
ferent profile of uncertainty compared to a student learning about them for the
first time. We will reason about such differences through the lens of Bayesian
learning, applying conditional probability to assess and propagate uncertainty
about the quantities of interest.

In essentially all non-trivial cases, a consequence of uncertainty is the emer-
gence of explore-exploit tradeoffs—that is, of tradeoffs between gathering new in-



Introduction Chapter 1

formation, and using the information you've already gathered to achieve your
goals. Continuing our example, if you've skimmed one chapter and it looks
relevant, should you spend the effort to read it carefully, or first skim the next
one, in case it might be even-more-relevant? How does one achieve the right
balance between these options? What levels of performance are possible?

This book’s goal is to develop a systematic understanding of such questions and
how to think about them. We will begin by formalizing the concept of decision-
making under uncertainty. A crucial part of this will be to consider: what would
you have learned instead if you had taken other actions? And, closely-related: how
well did you do, compared to what you would have done if you knew everything from
the beginning and there was no uncertainty? We will see that problems can have
different difficulties, and study how to tell whether an algorithm works or not.

With a mathematical understanding of the problem structure in place, we will
survey and develop an understanding of every major class of decision-making
algorithms. The emphasis will be on the definitions, not proofs or analysis tech-
niques: for each algorithm class, we will follow the simplest path by which one
can conclude that it makes technical sense. In some cases, this will be by first-
principles derivation, in others, by positing an algorithm and then analyzing it.
We will aim to achieve a comprehensive overview of the algorithmic landscape.

A critical part of this will be to work at the right level of generality: we will not be
afraid of considering abstract formulations, but will also never dive into abstrac-
tions for their own sake, and will back our definitions up with appropriate sets
of concrete examples. In doing so, we will not only see that decision-making
admits a clean and elegant mathematical picture, but that this picture can pro-
vide a precise form to a much broader set of practical phenomena than are
otherwise understood to have a central origin.

To this end, we will focus on fundamentals and not on applications, of which
there are many. Decision-making, in our general sense, has been discovered
and re-discovered in many disciplines, ranging from robotics to psychology,
to medicine, to economics, to machine learning and artificial intelligence—our
primary domain of interest. The need for a comprehensive and unified way to
think about explore-exploit tradeoffs in large language models, and in artificial
intelligence more broadly, is a major motivating force behind this book.

In machine learning and artificial intelligence, all of the ideas in this book are
known—but not in a unified way that makes their scope of applicability clear.
Large language models are conditional distributions over the space of tokens—
yet, it is not widely appreciated that Bayesian decision-making provides a clean
and natural formalism for studying in-context sample-efficient learning. We
hope this book inspires new ways of understanding artificial intelligence sys-
tems, and thereby helps ensure they broadly benefit humanity.

With this in mind, let us begin—Dby casting into mathematics the example of
you, the reader, choosing to open this book and read its pages.









Chapter 2

Decision-making Under
Uncertainty

We now initiate our technical development. The aim will be to cast the con-
cept of decision-making under uncertainty, intuitively described in Chapter ﬁ],
into mathematics. This will allow us to precisely understand what is a decision-
making problem, what is an algorithm, how to assign notions of difficulty to prob-
lems, and how to assess performance of a given algorithm. This will set up the
language necessary to understand the rest of the book, which studies the most
important known classes of decision-making algorithms.

Following the philosophy outlined in Chapter ﬁ], our chief focus will be on the
definitions and the concepts they capture. We will therefore first present the
general definition, then work through a number of examples in order to un-
derstand its scope and character. This will not require a lot of mathematical
background beyond an appropriate degree of command over probability the-
ory: for convenience, we provide a short review in Appendix A. In particular,
let M (-) be the space of probability distributions over a given set. Let us begin.

2.1. Definitions and Basic Examples

We start with the most important definition in this book.

Definition 2.1. An EPISODIC DECISION PROBLEM is defined by the following:
1. An ACTION SPACE A.
2. A REWARD FUNCTION CLASSR C {r: A — R}.
3. One of the following forms of GROUND-TRUTH REWARDS:

(a) A TRUE REWARD FUNCTIONT € R.

Episodic Decision
Problem
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(b) A REWARD DISTRIBUTION q € M;(R).
(c) A SEQUENCE OF TRUE REWARD FUNCTIONS1; € R fort =1,..,T.

Depending on the chosen option, we say that the respective problems are
of the STOCHASTIC, BAYESIAN, and OBLIVIOUS ADVERSARIAL variants.

4. An OBSERVATION SPACE X..

5. A FEEDBACK FUNCTION 0 : R x A — My(%).

The idea behind this definition—whose non-episodic form, as well as naming,
dates at least to Blackwell (1951, [1953)—is to formalize a decision-making pro-
cess that proceeds over episodes, indexed by discrete time points ¢ € N. Assum-
ing for sake of introduction that we are considering the stochastic variant, this
process takes place as follows:

1. At time ¢, a thinking robot, called the learner, chooses an action a; € A.
2. The learner receives a reward r(a;), but does not observe this reward.
3. Instead, the learner observes the random feedback o; ~ o (r, a;).

At the next time point ¢ 4 1, the learner may then select a new, potentially ran-
dom, action a;41, based on R, as well as ay, .., a; and o1, .., 03, for which we use
the shorthand a;.;, o1.;. Thus, the learner knows the reward class, the actions it
chose, and the history of observations, but not the true reward function itself. In
fact, it is precisely this lack of knowledge that formalizes the sense in which the
learner is making decisions under uncertainty.

This defines the protocol according to which the learner interacts. It is not the
most general form possible—in particular, it excludes adaptive adversaries that
react to the learner’s actions, which we will consider in Chapter H—but we be-
lieve it achieves a good balance between being general yet not-too-difficult to
define. Let us now consider a set of examples, which will serve to make this
otherwise-abstract concept significantly more concrete. We will start with the
simplest one—the trivial case in which there is no uncertainty.

Example 2.2. An episodic decision problem is called TRIVIAL if R = {r} is a
singleton.

Here, the learner knows the reward function, as the function class is so small
that one can infer the true reward—or analog thereof, in the non-stochastic
variants—from the function class. Therefore, there is no uncertainty, and all
the learner needs to do is solve the optimization problem

a; = argmaxr(a) (2.1)
acA

which they are allowed to do because they possess sufficient information to
infer r € R from knowledge of R alone. By doing so, the learner can achieve
the best possible reward irrespective of the structure of ¥ or o, without the
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need to explore different actions or learn anything from the data they observe.
A related form of triviality also occurs if |A| = 1: without distinct actions, there
is nothing to learn and no need for exploration. To see these phenomena, we
consider the next example.

Example 2.3. An episodic decision problem is called a STOCHASTIC MULTI-ARMED Multi-armed Bandit

BANDIT with K € N ArRMS and standard Gaussian noise if:
1. The action space is A = [K].

. The reward function classisR = {r: A — [-1,1]}.

2
3. We are considering the stochastic variant.
4. The observation space is ¥ = R.

5

. The feedback function is o(r,a) = r(a) + €(a), where e ~ N(0, 1).

Here, we have implicitly associated the random functiono : @ x R x A — &,
where (Q is a probability space, with its distribution, which we also denote b
o : RxA — M;(X), thus ensuring the definition makes sense. See Appendix@
for more on the conventions needed to ensure this notation is unambiguous.

The name multi-armed bandit comes from a casino analogy: the idea is that the
learner is presented with a collection of slot machines—known in old times as
bandits for their tendency to rob casino patrons of their wealth. Each machine
has a different reward distribution. At a given round, the learner may choose to
play one of them—that is, to pull an arm—and observe the reward it produces.
The learner’s aim, intuitively, is to maximize the total rewards they receive.

To do so, the learner must try different arms, and learn which ones perform
best by trial and error. Neither the greedy strategy of picking the arm with
the best empirical mean according to the history, nor the purely-exploratory
strategy of playing arms uniformly at random, are good strategies—at least, ac-
cording to performance criteria we will introduce shortly in the sequel. Instead,
the learner must balance explore with exploit: they must keep trying different
arms, but should do so less and less often as information accumulates.

This balance—between explore and exploit—is present in almost all episodic
decision problems, but the precise character through which it shows up can
differ significantly. Bandits are perhaps the most-important and best-studied
problem class: their explore-exploit tradeoffs, and algorithms for balancing
them, are well-understood. Indeed, it is often a good idea to first understand
how a given setting works by considering its bandit analog, before examining
it more generally: we will adopt this approach throughout this book.

There is absolutely nothing which stops us from defining bandits in substan-
tially greater generality.

Example 2.4. An episodic decision problem is called a BANDIT if:

Bandit
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1. The observation space is ¥ = R.

2. The feedback function is o(r,a) = r(a) + €(a), where ¢, called the NOISE,
is a random variable satisfying E(a) = 0.

Here, the action space A and reward function class R are allowed to be gen-
eral. Moreover, it makes sense to consider stochastic, Bayesian, and adversar-
ial variants—in the first and second case, often with Gaussian or sub-Gaussian
noise—and in the third case, usually with ¢ = 0 deterministically, which the
definition allows. Only the structure of the feedback function—namely, play an
action, learn about that specific action—is assumed as part of the definition.

We can contrast bandits with an episodic decision problem with a simpler feed-
back structure, given as follows.

Example 2.5. An episodic decision problem is called a STOCHASTIC ONLINE
LEARNING problem with N € N AcTIONS and Gaussian noise if:

1. The action space is A = [N].

. The reward function classisR = {r: A — [-1,1]}.

2
3. We are considering the stochastic variant.
4. The observation space is ¥ = RY .

5

. The feedback function is o(r,a) = r + ¢, where e, ~ N(0, 1) forn € [N].

Here, unlike in a bandit, the learner observes a noisy version of the reward of
all arms, not just the ones they played. This means the learner no longer has to
explore—at least, as long as the problem variant in question is not adversarial.
In Chapter H, we will see that the adversarial variant of this problem—where,
as before, one would typically consider ¢ = 0 deterministically—is surpris-
ingly rich, and provides a good idealized setting within which one can study
randomized exploration from a fundamental point of view.

Example 2.6. An episodic decision problem is called a general-action ONLINE
LEARNING problem, or is said to have FULL FEEDBACK, if:

1. The observation space is ¥ = R*.

2. The feedback function is o(r,a) = r + ¢, wheree : A — R, called the
NOISE, is a random function satisfying Ee(a) = 0 for all a.

There are many possible episodic decision problems which sit in-between full
feedback and bandit feedback—that is, ones where the learner observes the
reward of the action they take, potentially up to noise, along with additional
side information that the learner can benefit from. These are as follows.
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Example 2.7. An episodic decision problem is said to have STRONGER-THAN-
BANDIT FEEDBACK, if:

1. The observation space is 3 = O x R for some OBSERVATION SPACE O.

2. The feedback function is o(r,a) = (o(r,a),r(a) + €(a)) for a function o :
R x A — O, where we have E¢(a) = 0.

If, additionally, A is a finite set, it is called DECISION-MAKING WITH STRUC-
TURED OBSERVATIONS.

This class is notable because significant work has gone into understanding its
theoretical structure, and we know a fair bit about the fundamental quantities—
called decision-estimation coefficients—that determine problem difficulty, in spite
of its rather general character. We refer the interested reader to Foster and
Rakhlin (2023), which provides a comprehensive treatment of these ideas.

Decision-making with structured observations is not the only such class: one
can also say a surprising amount about problems where A, 33, and R are finite.

Example 2.8. An episodic decision problem is said to be a PARTIAL MONITORING
GAME if:

1. The action space A is a finite set.
2. The reward function class R is a finite set.
3. We are considering the adversarial variant.

4. The observation space ¥ is a finite set.

The stochastic and Bayesian variants are also known as stochastic partial monitor-
ing games and Bayesian partial monitoring games, respectively. This is somewhat
of a misnomer, particularly for the Bayesian variant, which corresponds to a
stochastic control problem rather than a bona-fide game with more than one
player. This is one motivation behind our choice of the name episodic decision
problem,ﬂ following Blackwell (1951, [1953), to describe the general case.

A remarkable fact about this problem class is that, in a sense we will soon pre-
cisely define, there are only four possible problem difficulties: trivially easy,
bandit-like, harder-than-bandit, and impossible. This is in spite of the fact that—
except for finiteness of A4, 3], and R—the class is completely general! Compar-
atively less is known about algorithms for this problem class.

We now turn to examples of a different kind—namely, problems that capture
the structure of numerical algorithms used for various purposes in the mathe-
matical and computer sciences.

'This name should also never be confused with the notion of a decision problem in the sense of
Turing machines or decidability, which is completely unrelated and will never arise in this book.

Decision-making
with Structured
Observations

Partial Monitoring
Game
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Example 2.9. An episodic decision problem is said to be a CONVEX OPTIMIZA-
TION PROBLEM WITH A FIRST-ORDER ORACLE if:

1. The action space A C R? is a convex set.

2. The reward function class R = — Cvx(A), namely the space of all (nega-
tions of) convex functions over A.

3. We are considering the stochastic variant.
4. The observation space is ¥ = R4,

5. The feedback function is o(r,a) = (r(a), Vr(a)).

In this example, the learner’s aim is to minimize a convex function. They are
allowed to evaluate it at every time point, and observe its pointwise value and
gradient (in the subdifferential sense). Note that the term stochastic variant here
is somewhat of a misnomer, as observations are noiseless. Note also that R
includes all convex functions: one could modify this to include only a-strongly-
convex and S-smooth functions, if desired. Thus, we see that episodic decision
problems include many forms of convex optimization as a special case.

This example should immediately evoke the level of generality that episodic de-
cision problems capture: it is clear that there is nothing stopping one from sim-
ilarly defining other kinds of optimization problems such as black-box global
optimization, Lipschitz optimization, or more general kinds of numerical prob-
lems such as computation of Nash equilibria and related notions.

Among such problems, in this book, we will focus on the class of black-box op-
timization—where we note that black-box optimization problems can also be
seen as bandits where A = [0, 1]? and R consists of continuous functions with
an additional prescribed degree of smoothness. There is one more problem
class which is very much worthy of mention in our overview.

Example 2.10. Let (S, A, r, p,~y) be an infinite-horizon discounted Markov deci-
sion process with initial state sy € S, and let R’ be a class of reward functions
for the Markov decision process, withr € R'. An episodic decision problem is
said to be an EPISODIC REINFORCEMENT LEARNING PROBLEM if:

1. The action space is taken to be the space of policies, namely Il = {7 : S —
A}, where this symbol is used in place of A to clarify notation.

2. The reward function class is the space of all value functions which occur
under R', namely R = {r + V(™) (sg;7") : 7' € R'}.

3. We are considering the stochastic variant, and the true reward function is
taken to be r, or more precisely, the value function V) (sq; ).

4. The observation space is the space of all state-action-reward sequences,
namely ¥ = {(s(y,a¢),7(y) : N = 8§ x A x R}.

5. The feedback functioniso(r', ) = (s;,m(s7), 7' (s+,7(8:)))32,, where the
rollout is random with distribution determined by p, and we implicitly
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identify each value function with a reward function producing it.

There are many possible variants on this definition. In this one, the idea is that,
at each episode, we try out a new policy and observe a rollout under that policy.
Our algorithmic aim is to find the optimal policy. This definition therefore
formalizes policy learning by trial and error, given known dynamics. One can
easily consider formulations where the dynamics are not known and must be
learned, by including them in R. Stochastic contextual bandits also constitute
a variant: these have a time horizon of one, and a random initial state.

This shows that episodic decision-making is general-enough to include episodic
Markov decision processes as a special case. As consequence, if we had a
comprehensive understanding of how to construct strong algorithms in com-
plete generality, this understanding would tell us how to construct sample-
efficient reinforcement learning algorithms with the optimal degree of explo-
ration. Thus, episodic decision-making provides a candidate paradigm for un-
derstanding exploration in the context of artificial intelligence.

By now, we hope the showcased examples have provided a concrete ground-
ing to the abstract concept introduced as Definition @ We also hope they have
made a self-evident case for how many interesting phenomena throughout var-
ious technical disciplines can be viewed in a unified way using the introduced
mathematical language. We encourage you—that is, the reader—to pick out a
special case of particular interest to think about, as you continue.

This book, however, is about algorithms rather than problems, and so we will
conclude our examples here. In particular, it is about algorithms that quan-
tify uncertainty—which arises through knowledge of only the function class
R rather than the true reward function r—through probabilistic models, with
learning performed using Bayes” Rule. To understand this, we proceed to un-
derstand what constitutes an algorithm, what kind of algorithms are Bayesian,
and how to assess an algorithm’s performance.

2.2.  Algorithms for Decision-making

We now define the notion of an algorithm, previously used informally during
our survey of episodic decision problems. Let Seq(-) be the space of finite-
length sequences, defined over an underlying set.

Definition 2.11. An ALGORITHM for solving an episodic decision problem is a
function p : Seq(A x ¥) — M;(A). We refer to the space of algorithms as P.

Algorithms are also sometimes called policies or strategies, and we may use these
terms interchangeably, unless this would become ambiguous in the given con-
text. The simplest possible algorithm one should generally consider consists of
playing actions uniformly at random, without any learning.

11

Decision-making
Algorithm
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Definition 2.12. Suppose A is either a finite set, or a sufficiently well-behaved
compact subset of R?. The RANDOM SEARCH algorithm plays actions uniformly
at random at all times t, that is

a; ~ U(A). (2.2)

It is clear that random search will not be a strong algorithm for many problems,
as it behaves in an anti-greedy, purely-exploratory fashion, and doesn’t learn
anything from the data. We will shortly make this claim precise. At the same
time, random search is often empirically stronger than one expects: in black-
box optimization—especially if the objective’s domain is high-dimensional—
experience has shown that it can take a surprising amount of work to construct
algorithms which are stronger in practice.

In formulating an algorithm, recall that the learner is allowed to use the reward
function class R and feedback function o, but not the true reward r. We now
take the first step to introducing the class of algorithms this book is named after.
Let M (- | -) be the space of all conditional distributions—formally, the space
of probability kernels—over a given pair of sets.

Definition 2.13. A BAYESIAN MODEL is defined by the following:
1. Letp, € M1(R) be the PRIOR.
2. Letpy)rqo € M1(X | R x A) be the LIKELIHOOD.

For any t and any dataset a1+, 011, we denote the respective POSTERIOR DIS-
TRIBUTION under the model by p,|4,., .., € M1(R | Seq(A x X)).

A Bayesian model describes a general way by which the learner quantifies un-
certainty about the unknown quantity of interest—that is, in an episodic deci-
sion problem, the unknown reward function. In adversarial settings, we allow
ourselves to also consider Bayesian models defined over sequences of reward
functions—where each time step has its own prior, and its own likelihood—but
omit this here to ease presentation.

Throughout this book, we assume that 4, R, and X are regular enough to en-
sure that the necessary posterior distributions exist for all datasets, and defer
mathematical questions of this kind to further study on a model-specific basis.
In cases where the respective spaces are finite sets—or even (subsets of) R%—
questions of existence tend to not be difficult. But, even more importantly, the
mathematics behind them is essentially never of a decision-theoretic character.
Thus, in doing so, we hand-wave in exactly the cases where this is safe to do.

By itself, a Bayesian model only describes how to learn. It does not describe what
to do with what has been learned—how to use the obtained representation of
the learner’s uncertainty to select future actions. This additional ingredient
must be specified in order to obtain an actual algorithm.
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Definition 2.14. A BAYESIAN DECISION-MAKING ALGORITHM is a pair consist-
ing of a Bayesian model and a potentially-randomized DECISION RULE

5 : My (R) = My(A). (2.3)

Thus, the extra ingredient which is part of a Bayesian algorithm is a rule by
which one transforms distributions over unknown reward functions into dis-
tributions over actual actions. This rule tells the learner how to translate what
they know into what they do. We say a decision rule is deterministic if its image
consists of Dirac measures. Additionally, we note that one can also consider
time-varying Bayesian algorithms, but omit this here to ease notation.

It is extremely important to note that Bayesian algorithms can be used on non-
Bayesian problems—so much so that we will state it with emphasis:

(*) A Bayesian algorithm constitutes a valid algorithm for ANY episodic de-
cision problem variant, including stochastic and adversarial ones.

Thus, throughout this book, we will find ourselves thinking about Bayesian
algorithms for non-Bayesian problems—this will constitute a form of model-
mismatch, meaning that the model differs from reality. We will return to this
concept in the sequel, once we have developed an understanding of how to
evaluate models under different forms of reality. The vast majority of Bayesian
algorithms in current use come from the following class.

Definition 2.15. A Bayesian decision-making algorithm is said to be based on
an ACQUISITION FUNCTION «; : A — R, which we potentially allow to be ran-
dom, if, for every posterior distribution, its decision rule takes the form

5(p,.‘a1:t’01:t) = argmax oy (a). (2.4)
acA

Algorithms based on acquisition functions, therefore, are those for which the
Bayesian model’s posterior distribution p,|4, , o,., is used to form a function o
which ranks the actions according to which is the most-promising. The algo-
rithm proceeds by choosing the highest-ranking action. We allow for both de-
terministic and randomized tie-breaking rules, but suppress them from notation
unless their role is critical to the situation at hand. Every Bayesian algorithm
class considered in this book will turn out to have the presented form.

2.3. Evaluating Performance via Regret

Having formalized the notion of a decision-making algorithm, and introduced
the class of algorithms we will study, we now turn to the question of what
it means for an algorithm to perform well, starting from the stochastic variant
where there is a single ground-truth reward function 7.

13

Bayesian Algorithm

Acquisition
Function



14

Regret

High-probability vs.
Expected Regret

Simple Regret

Decision-making Under Uncertainty Chapter 2

Definition 2.16. The REGRET of an algorithm p is defined as

Rr(p,r)= E suer(a) —r(a). (2.5)

WP ac Ay

Regret, therefore, is the difference between how well the algorithm actually
did, and how well it could have done if it knew what the ground-truth reward
actually was. It is always non-negative, and minimizing regret is equivalent to
maximizing rewards. Our rewards are assumed non-stochastic: in situations
where stochastic rewards are of central interest, this definition is sometimes
called pseudo-regret. We choose this notation in particular to emphasize that it
depends critically on three key quantities:

1. The learner’s strategy p.
2. The true reward function r.
3. The time horizon T

This book’s central questions will focus on how to construct strong algorithms.
In most cases, we will take this to mean algorithms that perform well no matter
what the true reward function actually is, as long as it is contained in the reward
function class R. Ideally, we will want this to hold for any time horizon—but it
will be interesting to study how behavior should change according to different
horizons. This will allow us, for example, to make precise the intuitive idea
that, if one has more time to learn, they should explore more.

The above notion of regret is formulated in expectation. It is also possible to
study random regret—that is, the random variable inside the expectation above.
In doing so, it is typical to consider high-probability behavior: this can be used,
for instance, to show that an algorithm works well with probability 1—¢, notjust
on average. The remaining e-probability might correspond to extremely rare
cases—for instance, hopeless situations where a large set of Gaussian draws
are all simultaneously positive, and the data is completely misleading.

The notion presented above is sometimes called cumulative regret, since it counts
all rewards at all time points. This is not the only reasonable choice: one can
just as well restrict attention to the reward obtained at the final time point.

Definition 2.17. The SIMPLE REGRET of an algorithm p is defined as

rr(p,r) = E supr(a) —r(ar). (2.6)

aT~P g A

Compared to cumulative regret, this notion effectively disregards the subopti-
mality of the points the algorithm chooses to explore. We will see that its over-
all behavior is similar—but, for a given algorithm class, it can be much more
convenient to work with either simple regret, or cumulative regret, depending
on the situation.
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Both of the preceding notions are finite-horizon notions, in the sense that they
are defined for a given 7" € N. It can be just as natural to instead work with an
infinite-horizon discounted formulation, as follows.

Definition 2.18. Let v < 1. The DISCOUNTED CUMULATIVE REGRET of an algo-
rithm p is defined as

Ry(p,r)= E supd 5" (r(a) = r(ar)). 2.7)

at~p e n P

One advantage of a discounted formulation is that it is stationary with respect
to time. On the other hand, a disadvantage is that discount factors can be
slightly less intuitive to think about than time horizons. One way to reconcile
this is to view discounting as finite-horizon with a fixed termination proba-
bility, and consider regret in expectation. Note that, for bounded rewards—
concretely, those with |r| < 1—discounted cumulative rewards are uniformly
bounded by

= 1
Z'yt_lr(at) < T— (2.8)
-7
t=1
This is related to the finite-horizon bound
Zr(at) <T. (2.9)

t=1

A clean way, therefore, to think about discounting is that it gives rise to an
effective time horizon
1

arising from the geometric series formula. For almost all of this book, we will
work with undiscounted formulations, but it is not difficult to develop dis-
counted analogs of the ideas presented.

A second way to introduce stationarity with respect to time is to allow the al-
gorithm to choose T. To facilitate non-trivial behavior, we introduce a strictly
positive cost function ¢ : A — R. We can then define the following notion.

Definition 2.19. The COST-ADJUSTED SIMPLE REGRET of an algorithm p is de-
fined as

re(p,7) = E supr(a) —r(ar)+ Zc(at). (2.11)

at~P gc A =1

For this to be well-defined, together with actions, the algorithm must also out-
putabinary variable which determines whether to continue to the next episode,
or to stop: we refer to this as the stopping policy, and to the actual action a, as the
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steering policy, in contexts where the distinction applies. We require the stop-
ping policy to be defined with respect to the same history of observations as
the steering policy, and implicitly extend the notion of a Bayesian algorithm to
also cover this case. This formulation is called the cost-per-sample problem.

These notions can be extended to allow for a cost function class C which plays a
similar role to R—here, we work with a fixed cost function to ease notation. We
use simple rather than cumulative regret to ensure stopping immediately is not
optimal, but other formulations are also possible. In general, one can mix-and-
match the definitions of this chapter as needed, in essentially all cases where it
makes sense to do so. We now turn to regret for non-stochastic variants.

Definition 2.20. The BAYESIAN REGRET of an algorithm p is defined as

T
Rr(p,q) = TIEq Rr(p,r) = Epsup Z r(a) — r(at). (2.12)

at~
r~q GEA 44

Thus, Bayesian regret is simply regret averaged over the reward functions sam-
pled from the reward distribution ¢. For a Bayesian algorithm p, if the prior
pr matches the true reward distribution ¢, and the likelihood p,), , matches
the distribution induced by the feedback function o, we say that we are in the
model-matched setting. Otherwise, we say there is model mismatch: the Bayesian
model’s assumptions differ from the exact nature of ground-truth reality. Both
settings lead to a rich and interesting theory, each with their own specifics.

We have used the term Bayesian to refer to several distinct concepts: (i) episodic
decision problems of the Bayesian variant, (i) Bayesian algorithms for general
episodic decision problems, and (iii) the above notion of Bayesian regret. When
the first and third concepts are combined, something very special happens: the
formulation gives rise to a Markov decision process.

Definition 2.21. For an episodic decision problem of the Bayesian variant, de-
fine its UNDERLYING MARKOV DECISION PROCESS by:

1. States: Smpp = Seq(A x X), with initial state sy = @.
2. Actions: Aympp = A.

3. Transition kernel: given an action a;, we have s, 11 = s; ® (a, 0;), where
oy ~ o(r,a;) withr ~ ¢(- | s;) drawn from the respective posterior, and
@ denotes the operation of appending an element to a finite sequence.

4. Rewards: at each round, rvpp(s, a) = r(a), wherer ~ q(- | s).

Here, states correspond to the data gathered so far by the algorithm. In turn,
algorithms for the episodic decision problem are equivalent to policies for its
underlying Markov decision process. Moreover, the value function is equiva-
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lent to Bayesian regret up to a negation and constant shift, meaning
Vaip(s0) = C = Rr(p.q) (213)

where C' = E,.,sup, ., Zle r(a) depends only on ¢ and not on p, and is
viewed as a prior-dependent constant. This statement extends from the initial
state s to general states s, as long as the Bayesian regret term is understood to
be conditioned on the corresponding history: in doing so, C' continues to be a
constant, in the sense that it depends on s but not on p.

This correspondence—between episodic decision problems and Markov de-
cision processes—is unique to the Bayesian setting. It has significant conse-
quences, including the existence of an optimal value function V}jp, and an op-
timal policy whose respective algorithm we call the Bayesian-optimal algorithm.
Other kinds of episodic decision problems correspond to families of Markov deci-
sion processes with different reward functions. This technical difference should
not be understated, and its themes will recur throughout this book’s chapters.

One rather powerful consequence of having a Markov decision process formal-
ism is that it allows us to check whether basic properties that one would intu-
itively expect to hold are actually true—if they were not, it would be evidence
our definitions were poorly chosen. For instance, consider two episodic de-
cision problems which are identical except for the feedback functions o, and
o2, where the latter is strictly more noisy—meaning, for example, that given the
same history and actions the observed feedback satisfies

o = 4 (2.14)
in distribution, where ¢ ~ N(0, 1). Then, we would expect learning to be more
difficult, and the Bayesian-optimal algorithm to achieve less reward in expecta-
tion under o2. One would expect the same if oy represents full feedback, and
o9 represents bandit feedback, both with the same noise distribution for each
action. Not only are these comparisons true—but, when reformulated in a gen-
eral rather than specific manner, the implication actually goes in both directions.

To see this, we will need a little bit of setup, because it does not suffice to di-
rectly compare o1 with o5. Instead, we need to associate each with the class of
all other analogous feedback functions ¢ and o’ which, in some sense, carry the
same information—including ones that occur under different episodic decision
problems. Defining what it means to be analogous is tricky, because a given
feedback function o : R x A — M;(X) includes R in its definition.

To handle this, the rough idea is to start with ¢, and replace each reward r € R
by some 7’ € R’: this completely changes the rewards, but preserves feedback
structure, since the rest of ¢ is kept the same. These rewards 7’ can potentially
include new actions a’ ¢ A, as long as they are assumed to be non-informative.

Definition 2.22. Let 0 : R x A — M;(X) be a feedback function. A feedback
function o’ : R’ x A" — My (¥') is said to be ANALOGOUS TO o if:

1. Wehave A C A’.
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2. We have ¥’ = ¥ @ {K}, where @ denotes the disjoint union of sets, and
the symbol X represents no additional information.

3. Thereisap: R’ — R such that o(p(r’),a) = o'(r',a) forall a € A.
4. We haveo'(r',a’) = 0 for all' € R anda’ € A"\ A.

We say that a pair of feedback functions o}, 0% is MUTUALLY-ANALOGOUS to
01, 09 if analogousness holds individually under a shared function p.

We will also need a suitable notion of what it means to add noise. For a probabil-
ity kernel g € M7 (X | £ x A), define its action on measures p € M (X) by inte-
gration in the standard manner, namely g(u,a) = [y, g(- | s,a)dpu(s) € M1 ()
forall a € A. This generalizes the previously-seen example of adding Gaussian
noise, by allowing the noise distribution to be arbitrary and action-dependent.

We will also consider a third way to compare feedback functions. For an episodic
decision problem and an algorithm p, define A, to be the function that maps re-
wards r to the distribution of actions played during a rollout—with actions gen-
erated in the environment where r is ground-truth. Using this, define the set

of all feasible action-sequence distributions A = {\, : R — M1(Seq(4)) : p € P}.

Observe that this set differs for different o: the more feedback is given, the

more ways an algorithm can change its behavior using that feedback.

With these concepts at hand, we are finally ready to state the key result.

Theorem 2.23. Leto; : R x A — My(¥) andos : R x A — M;(X) be two
feedback functions, where A and ¥ are assumed finite. Then the following are
equivalent:

1. For any two episodic decision problems of the Bayesian variant whose
feedback functions are mutually-analogous to o, and o3, and where all
other components are defined identically—including the priors and time
horizons—the respective value functions satisty Vyipp »(s0) < Vypp 1 (S0)-

2. There is a GARBLING g € M1 (X | ¥ x A) such that oo(r,a) = g(o1(r,a),a)
forallr € R anda € A.

3. Under the same quantifiers as in the first point, the set of feasible action-
sequence distributions is larger under o than o, in the sense Ay C A;.

As consequence, one can define the BLACKWELL ORDER = over feedback func-
tions, which forms a partial order, up to an equivalence.

This result tells us that there are three ways of thinking about informativeness
of feedback functions: (1) with more information, Bayesian-optimal algorithms
achieve more reward in expectation, (2) more-informative feedback functions
contain less noise, and (3) under a more-informative feedback function, algo-
rithms can choose a wider range of possible distributions over actions. We view
the fact that all three are actually equivalent as a strong piece of evidence that
our definitions are the right ones and lead to a rich mathematical theory.
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We defer the proof to Section @, noting briefly that: (a) quantifying over fam-
ilies of episodic decision problems is necessary for equivalence as opposed to
implication in one direction, (b) finiteness is not essential, and is assumed only
to focus attention on decision-theoretic rather than regularity aspects, and (c)
there are extensions of this result to other settings, beyond our model-matched
Bayesian setting, for example through the concept of Le Cam deficiency—see Le
Cam (1986, Ch. 2, Sec. 3, Theorem 2) for a non-sequential variant.

We now briefly examine adversarial problems. Here, there is a major subtlety
that one must wrangle with: we do not have a single ground-truth reward, not
even a randomly-sampled one. In all cases before, we compared ourselves with
the optimal point, but for a sequence there is no single optimal point. What
should one compare themselves to? The idea will be to introduce a single action
a with respect to which to compare the algorithm’s performance.

Definition 2.24. For an adversarial episodic decision problem, the REGRET of
an algorithm p relative to a COMPARATOR ACTION a € A is defined as

T
Ra(p,rsrr) = B > rifa) = riar). (2.15)
=

In particular, the regret against the best action in hindsight is defined as

T
Rr(p,r1,.,rr) = E suert(a) —r(ay) (2.16)

ar~p e P

where we emphasize that we are comparing Zthl r¢(a¢) with the supremum of
the sum, and not the sum of suprema over individual functions.

Why this notion in particular? At first, it may look rather idiosyncratic. On
the face, it is not obvious whether it ought to exhibit any kind of interesting
behavior. It will turn out that the seemingly-more-obvious notion, involving
the aforementioned sum of suprema, is an impossibly difficult benchmark and
does not give rise to non-trivial algorithms. On the other hand, the above no-
tion, as we will see in Chapter ﬂ, does: it will turn out to provide a natural
setting for studying exploration by random actions.

More generally, one can think beyond comparator points, and also consider
comparator sequences with various constraints, as well as even-more-general
notions. For some of these, note that regret can be negative. As these notions
are more advanced, we defer them for the moment: the critical thing to un-
derstand, for now, is simply that comparing an algorithm’s performance with
strategies that are not necessarily optimal is possible, and is often a very useful
way to benchmark performance or facilitate understanding.

To conclude our overview of regret, we will now state the book’s first set of
actual results, which will not be difficult: we will study the regret of random
search, as well as the obviously-bad algorithm that picks some arbitrary point
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over and over again. This might seem like a rather dry exercise, but it is worth
doing, because certain details carry implications for benchmarking and are
therefore worth drawing attention to.

Proposition 2.25. For any reward function r which is bounded and not (almost
everywhere) constant, random search incurs linear regret, namely

Ry (prs, ) = O(T). (2.17)

Proof. This follows directly from definitions and linearity of expectation by

T
Rp(prs,r) = E suer(a) —r(at) (2.18)
At™~PRS g c A =1
T

= Zsup r(a)— E r(a) (2.19)

i1 acA at~PRs
=T (sup r(a)— E r(at)> (2.20)

acA at~PRS

L I
strictly positive

where the final term is finite by boundedness of rewards, non-negative by defi-
nition of a supremum, and non-zero because the rewards are non-constant. W

We have noted that random search is almost never a strong algorithm: itignores
the data, does not attempt to balance tradeoffs between explore and exploit,
and instead only explores. Nonetheless, its performance should be compared
to an even-worse algorithm: one that picks some arbitrary point over and over
again. Let us show how to carry this comparison out—under finite actions and
bounded rewards, for concreteness.

Proposition 2.26. Let A be finite with |A| > 2, and let R = {r : A — [-1,1]}
consist of bounded functions. For an action a, let p;, be the algorithm that
deterministically plays a. Then there is a reward function r, € R for which

Ry (ps,,ra) = sup Ry (p,r) = O(T). (2.21)
peP
reR
Proof. Choose
, -1 a=d
a = 2.22
rq(a’) {1 0 td ( )

so that Rr(ps,,re) = 2T. To check that this is the worst regret possible, con-
sider an arbitrary algorithm p and reward function r, and write

T
Rr(p,r)= E suer( ) —r(ay) < Z a4 |r(ar)] <2T. (2.23)

M~P e A t=1 —
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This seemingly-trivial pair of calculations already shows that random search
can be much better than picking some arbitrary action. While both methods
achieve O(T) regret, for random search, the constant factor hidden in the ©-
notation is exactly the gap between the best action and the average action with
respect to the uniform distribution. This is usually smaller than the worst pos-
sible regret, and for this reason random search can be a good initial baseline to
benchmark for problems where it is otherwise not clear what to do.

2.4. Problem Difficulty and Lower Bounds

We have now explored a wide set of notions of regret, which provide a metric by
which to evaluate the performance of a particular decision-making algorithm
on a particular instance of an episodic decision problem. In order to be able
to determine whether an algorithm is performing well, we need to be able to
assess the difficulty of a given problem. We therefore study how to do that.

For a given notion of regret, the difficulty of an episodic decision problem de-
pends chiefly on three factors:

1. The function class R.
2. The feedback function o.
3. The time horizon T

In particular, the structure of the action space A is encoded in the definition
of R, and the structure of the observation space ¥ is encoded in the definition
of 0. Thus, this list covers all components of Definition @, along with the
key hyperparameter arising from the regret’s definition itself. As a rule, we
generally do not consider dependence on the true reward function r, nor on
the actual sample r ~ ¢ in the event that it is random. Instead, the way we
handle this part of the definition differs according to the problem variant:

1. In the stochastic variant, we consider the worst case r € R.
2. In the Bayesian variant, we consider the average case r ~ q.

Other variants are handled analogously: for instance, in adversarial variants,
we might consider worst-case fixed reward sequences, or worst-case reward se-
quences generated adaptively by an adversary based on the same information
available to the learner. This perspective does not preclude one from studying
dependence on a particular reward function instance r € R, but instead asks
one to encode the relevant properties of the instance in the definition of the
function class R. We will soon see an example that illustrates this.

We are now ready to cast the intuitive description above into a formal defini-
tion. The final ingredient we need to consider is some parameter that we can
change in order to make the problem easier or harder, so that different prob-
lems become comparable to one another quantitatively. This could be the time
horizon T, or for instance the size of the action space |A|. We will call the set
of these variables V.

21



22

Minimax Regret

Bayesian-optimal
Regret

Decision-making Under Uncertainty Chapter 2

Definition 2.27. Consider a family of episodic decision problems of the stochas-
tic variant, parameterized by a set of variablesv € V C R?. Define the MINIMAX
REGRET

M (v) = inf sup Rp(p,r). (2.24)
PEP reR

We define the DIFFICULTY of the parameterized family to be the rate by which
M (v) varies with v.

This means the difficulty is defined according to the best performance achiev-
able by any algorithm, assuming it plays against the worst-case function within
the given function class. We assume throughout that the episodic decision
problem is regular enough for this value to be well-defined. The difficulty of a
Bayesian variant is defined similarly, but where we do not consider worst-case
performance, and replace it with average-case performance with respect to the
reward function’s distribution.

Definition 2.28. Consider a family of episodic decision problems of the Bayesian
variant, parameterized by a set of variables v € V C R?. Define the BAYESIAN-
OPTIMAL REGRET

B(v) = inf Rr(p, q)- (2.25)

We define the DIFFICULTY of the parameterized family to be the rate by which
B(v) varies with v.

This definition coincides with the optimal value function of the problem’s un-
derlying Markov decision process up to constants, as seen previously. Thus,
we can now reinterpret Theorem as characterizing the manner in which
less-informative feedback functions lead to more-difficult problems.

An important part of both of these definitions is that we focus our attention on
the rate, which describes how difficulty varies with the family’s parameters. In
particular, we can consider how the rate varies with the time horizon 7', or with
parameters such as the size of the action space | A|, assuming we are considering
a finite-action problem. This notion of difficulty therefore mirrors perspectives
commonly found in complexity theory and theoretical computer science.

To aid understanding, we now briefly state the rate of the two most basic exam-
ples considered previously—the latter, under two different reward function
classes. We will omit various restrictions on the variables to ease notation, and
will defer proofs of the necessary statements to later.

Example 2.29. The difficulty of online learning with N = |A| total actions and
bounded rewards R = {r : A — [—1, 1]}, under either a stochastic variant with
standard Gaussian noise, or an adversarial variant without noise, is \/T log N.
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Example 2.30. The difficulty of a multi-armed bandit with K = |A| arms and
bounded rewards R = {r : A — [-1,1]}, under a stochastic variant with
standard Gaussian noise, is V KT.

Example 2.31. The difficulty of a multi-armed bandit with K = |A| arms and
bounded rewards with a gap of at least A, namely
R={r:A—=[-1,1):7r(a") —r(a) > A,Va # a"} (2.26)

where a* = argmax, , r(a), under a stochastic variant with standard Gaus-

. o log T
sian noise, is (K — 1)=%~.

This illustrates how both the reward function class and the feedback function
can affect an episodic decision problem’s difficulty. We choose these three ex-
amples because the arguments involved are sufficiently simple that it is reason-
able to present them as part of an introductory chapter—we will do so once a
little bit more of the necessary machinery is established.

At this stage, it is reasonable to ask: what is gained by studying rates, rather
than one episodic decision problem by itself? Why not just compute the saddle
point arising in the minimax regret, and look at the resulting algorithm? If
this were feasible, it would be fantastic—but, unfortunately, there are only a
few problems where computing this quantity, or its analog for other variants,
is possible. Working with rates gives us the freedom to study a much larger
class of possible algorithms, many of which will turn out to be interesting.

Focusing on the rate means that, to compute the difficulty of an episodic deci-
sion problem, it suffices to compute a sufficiently-sharp regret lower bound

C < Rr(p,r) (2.27)

in the sense that for any algorithm p there is a reward r for which the inequality
holds. For the given algorithm-specific reward, we automatically have

C < Rr(p,r) <supRr(p,r), VpeP (2.28)
reR

and since the statement is universally quantified over p, it is equivalent to

C < inf sup Ry(p, 7). (2.29)
pEP reR

If the lower bound is sharp up to constants, the specific form of C' therefore
reveals the correct rate. Thus, by itself, a lower bound shows a problem to be
at least of a certain difficulty. Showing it to be exactly a given difficulty requires
one to have a matching upper bound or some other way to attest sharpness.

So, how does one actually obtain lower bounds? We need to prove that, for any
algorithm p, there is some kind of difficult reward function. As we will see in
this book, there are many algorithms one can consider—ones whose principles
look sufficiently different from one another. From this viewpoint, finding a
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universal construction for difficult reward functions may seem daunting. We
will bypass this challenge rather than solving it directly, through a fundamental
idea which recurs in many different guises throughout computer science.

The key idea is to not look for a family of difficult reward functions directly,
but to instead look for a hard distribution ¢ € M;(R) over reward functions.
Such a distribution should certify a regret lower bound in expectation. The key
observation is that the existence of such a distribution implies the existence of
a difficult reward function which certifies the required regret lower bound.

Lemma 2.32. Suppose there is a ¢ € M1(R) such that, for any p € P, we have

C < Rr(p,q) = E Rr(p,7). (2.30)

Then for every p € P thereis anr, € R for which

C < Rr(p,ry). (2331)

Proof. Suppose the contrary, namely that R (p,r) < C for all » € R. Then by
averaging over ¢, we would conclude E,, R (p,r) < C—contradiction. ~ W

We can therefore pass from working with deterministic reward functions to
working with randomized ones, and study what properties the corresponding
distributions need to have. Naturally, these properties must be studied in full
detail case-by-case. But there is a central principle to how they operate. Let us
illustrate a special case of it through the following observation.

Lemma 2.33. Suppose that q is EQUALIZING, in the sense that the function

a— E (r(a) | ai4,01.4) (2.32)

r~q

is constant for any history of observations ay.;,01... Then C = Ry(-,q) is con-
stant in its first argument, and thus we have C' < Ry (p, ;).

Proof. We first note that, generically, the conditional expectation above does
not depend on the learner’s algorithm, so the statement itself makes sense. We

have Rr(p,q) = IE%:(;D SUP, e 4 Zthl r(a) — r(a;). The first term is by definition
constant in p. For the second term, letting a’ be an arbitrary action, we have

T

EZr(at) = EZE(T(%) | a1:6-1,01:4-1) (2.33)

t=1 t=1

OES E((@) | aremr,010-1) ZEY r(a) (234
t=1

t=1

where (i) uses equalization together with the fact that a; is conditionally inde-
pendent of , and (ii) applies the Tower Rule, where the result does not depend
on the choice of a’. Since r and a’ are constant in p, the claim follows. |
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For reward distributions ¢ with this property, no matter what an algorithm
does, the conditional expected rewards of each action remain the same. There
is nothing an algorithm can learn, it may as well play at random. Non-constant
reward distributions with this property are rarely available: for most episodic
decision problem:s, it is possible for the learner to learn at least something about
the randomly-drawn rewards, even if they are zero in expectation. One impor-
tant exception is the adversarial full feedback setting.

In presenting these results, we defer proofs to Section @ The key reason for
this is they represent a jump in difficulty—not a large one, but enough that we
would rather focus attention on showcasing what is known, before seeing how.

Proposition 2.34. Consider adversarial online learning under full feedback,
with bounded rewards R = {r : A — [—1,1]} and no noise. Define the reward
distribution q to be independent Rademacher across time and actions, namely

ri(a) ~ Rad(3). (2.35)

Under this distribution, for any algorithm, if we suppose that N = |A| > 16, T
is even, and T' > log N, then

% TlogN < Rp(-,q). (2.36)

Constructions of this kind are fundamental in adversarial online learning, in-
cluding generalizations where the action space A has a richer structure. If the
adversary is playing random noise at every iteration, the learner has no hope
of finding the best point, so their performance will be controlled by the typical
gap between the best point and an average point. The bound follows by quanti-
fying this gap using standard tools developed for analyzing expected suprema
of random processes, here the sum of rewards over time.

In non-adversarial settings with a sufficiently-rich feedback function o, we can-
not expect to find an equalizing reward distribution. The problem is that r ~ ¢
is sampled once at the beginning, which means it will be possible for the al-
gorithm to learn at least something from the data. But, we can instead find a
nearly-equalizing distribution, and try to quantify how much it was possible to
learn. This leads to the following general principle for deriving lower bounds:

() Sharp lower bounds usually arise from reward distributions q under which
it is difficult for the learner to tell what the optimal action is.

This idea can be made precise in many distinct ways, and the guise through
which it shows up in a given context can vary significantly depending on its
details. As a result, we will develop this idea through presenting it in a num-
ber of relatively simple cases—though, in doing so, will try to cast as much
emphasis on the broader picture as we can. We start with the setting that mir-
rors the preceding one—namely, stochastic online learning.
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Proposition 2.35. Consider stochastic online learning under full feedback, with
bounded rewards R = {r : A — [0,1]} and standard Gaussian noise. Define
the reward distribution g according to

r(a) = Aly—q a~U(A). (2.37)
Under this distribution, for any algorithm, if we suppose that N = |A| > 16
and T > 10%1N/ and take A = lofTN, then
1
T/TlogN < Rr(-,q). (2.38)

The hard distribution is constructed using random spike rewards that are all-zero,
except for one special action whose reward is A, where the optimal action is
chosen uniformly at random. The rewards at each point are the same in ex-
pectation at the beginning, and the observations are nearly the same: the re-
ward of the best action differs only a small amount, namely A, and this is hard
to separate from variability. In this sense, this reward distribution is nearly-
equalizing.

The proof operates by introducing and considering information-theoretic quanti-
ties such as Kullback-Leibler divergences and mutual informations, and rests
on an explicit calculation for how different the observations would have looked
if two different arms were optimal—this is how A makes an appearance. There
are many possible variations on the argument, some of which may avoid restric-
tions on N and 7" at cost of being more tricky. We used rewards in [0, 1], rather
than [—1, 1] as before, to simplify algebra.

It turns out that the exact same reward distribution ¢ is also the hard instance
for stochastic bandits, with a proof that is similar in spirit, but slightly different
in terms of its technical details.

Proposition 2.36. Consider a stochastic multi-armed bandit, with bounded
rewards R = {r : A — [0, 1]} and standard Gaussian noise. Define the reward
distribution q according to

r(a) = Alg—q a~ U(A). (2.39)
Under this distribution, for any algorithm, if we suppose that K = |A| > 2 and
T > & andtake A = §,/ X, then

SVET < Ra(q). (2.40)

For bandits, the argument presented in this chapter goes through Pinsker’s in-
equality, whereas for online learning, it went through Fano’s inequality. For
more details on these and other technical aspects, see the proofs in Section @

We now turn to the final example we will work out in detail: stochastic bandits,
but where the reward function class only includes functions with some gap
A > 0. The most important aspect we will see is that this changes the rate.
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Proposition 2.37. Consider a stochastic multi-armed bandit, where the re-
wards are bounded with a gap, namely

R={r:A—10,1:r(a") —r(a) > A,Va # a*} (2.41)

where a* = argmax, , r(a), we assume 0 < A < 1, and the noise is standard
Gaussian. Define the reward distribution q according to

aq ~ U(A)

r(a,) = Aﬂa:al + QBAIL@:OQ Qo | ap ~ U(A \ {al})

B~ Ber(3). (242)

Under this distribution, for any algorithm, if we suppose that K = |A| > 2 and
VE-L < A, then

T1/4

BE=VIBT < Bi(..q). 2.43)
This reveals that, if our lower bounds are tight, then multi-armed bandits with
rewards that have a gap of at least A are an easier problem class than those
which do not have a gap. Thus, the function class R plays a critical role in con-
trolling problem difficulty. We will later see, by way of algorithms developed
in Chapter B, that they are indeed tight. The proof here is essentially the same
as that of the preceding result, except that the gap is now specified rather than
tuned, and minor modifications are made for sharpness.

This concludes our presentation of lower bounds—specifically those for which
we will prove the respective claims. There are as many lower bound argu-
ments in the literature as there are variations of episodic decision problems
and related mathematical constructions, many with a rich and intricate struc-
ture. There is, however, one more result which we believe deserves presenta-
tion, because of how surprising it is.

Result 2.38. Consider an (adversarial) partial monitoring game, with a finite
class of bounded but otherwise unstructured rewards R C {r : A — [-1,1]}
with |R| < oo, and assume o is deterministic. Then its difficulty is either:

0 if it is trivial
M(T) O(VT) ifo islocally observable (2.44)
) ©(T%3) ifo is globally but not locally observable '

QT) if it is impossible.

We will not formally define what is meant by global and local observability,
other than to say that these notions formalize the essence of the question: must
the learner play strictly-suboptimal actions in order to learn what the optimal action
is? If not, the game is locally observable. If yes, the game is globally but not
locally observable. The other two possibilities are corner cases which handle
situations where the optimal action can be inferred without needing to look at
data, or ones where it cannot be learned, even in principle.
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This result should be seen as a major achievement of the theory of partial moni-
toring games, and is remarkable because of how simple it is. Its main limitation
is that it only offers a classification with respect to time, not the number of ac-
tions, or properties of the reward function class R. Nonetheless, we view it as
a key mathematical hint that studying episodic decision-making at our level
of generality is not hopeless—a hint that suggests a relatively universal under-
standing ought to be possible.

2.5. Empirical Benchmarking

The preceding sections introduced the notion of an episodic decision problem, and
defined algorithms for such problems, including the class of Bayesian algorithms
that will be our main focus. We introduced notions of regret that can be used
to distinguish between algorithms that perform well and ones that perform
poorly, along with notions of difficulty through regret lower bounds that allow us
to know what is possible. All of these notions were mathematical in character.

In Chapter m, we noted that our focus throughout this book will be on defini-
tions, and not on proofs and analysis techniques. This choice is not made by
accident. There are at least two completely different ways that one can conclude
a decision-making algorithm is strong:

1. Prove a theoretical guarantee on its regret, ideally in the form of a sharp
upper bound in the setting of interest.

2. Implement and test the algorithm on a comprehensive suite of bench-
marks, and check that it performs well in practice.

Our perspective will be to take both approaches seriously, as each one has different
strength and weaknesses, and thereby helps us see different parts of the overall
picture. These include:

— Scope. Mathematical guarantees are rigid: they hold exactly as stated.
The degree to which a guarantee in one situation generalizes to another
situation, in the absence of a proof, is a matter of speculation and personal
judgment. The same is true of performance on a set of benchmarks.

— Realism. Performance guarantees are only possible for settings which
are simple enough that mathematical tools can say something non-trivial
about them. In contrast, benchmarks can be performed on arbitrarily-
complex and realistic problems, so long as running them is practical.

— Comprehensiveness. A regret lower bound can reveal what degrees of per-
formance are outright impossible. In contrast, if no algorithm performs
well on a benchmark, it is not obvious whether this is because the problem
is impossible, or because the known algorithms are not good enough.

— Accessibility. A theoretical result requires a certain degree of mathemati-
cal literacy in order to interpret. Benchmarks, in contrast, require one to
be able to distinguish good experimental practices from poor ones. Both
require a non-trivial degree of skill, but the skills themselves differ.
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— Reproducibility. A correct theorem is by definition perfectly reproducible.
In contrast, benchmarks have hyperparameters and implementation de-
tails, and are typically randomized. It is possible for these factors to in-
fluence performance as much as the benchmark or algorithm itself does.

These differences are by no means complete, and we refer the reader to Hardt
(2026) for a systematic introduction to machine learning benchmarking, as well
as an overview of the properties a well-designed benchmark suite should have.

2.5.1. Best Practices and Implementation Details for Bayesian Optimization

We now discuss several decision-making-specific best practices. These help
ensure that an empirical benchmark suite provides useful information about
an algorithm'’s performance. Where possible, we will relate each best practice
back to the theory seen so far, in order to contextualize it and justify the need
to use it from first principles.

Example 2.39. An episodic decision problem is called a BLACK-BOX OPTIMIZA-
TION PROBLEM if:

1. The action space is A = [0, 1]%.

2. The reward function class R C C(A;R) is a subset of the space of contin-
uous functions.

3. We consider both stochastic and Bayesian variants.
4. The observation space is ¥ = R.

5. The feedback function is o(r, a) = r(a), without any noise.

Bayesian optimization refers to the use of Bayesian algorithms to solve black-box
optimization problems and generalizations thereof. Garnett (2023) provide a
comprehensive treatment of such algorithms, along with the models they are
most commonly used with. We start with our most basic recommendation.

Random search baseline. One should always compare how an algorithm per-
forms to an implementation of random search. One would expect any reason-
able algorithm to be stronger than random search, and verifying that this occurs
can be seen as the most basic test a good algorithm should pass. The justifica-
tion for this principle is that, from a theoretical perspective, random search
provides an upper bound on a problem’s difficulty.

An algorithm can fail to outperform random search for at least four distinct
reasons. First, there might be a bug in the implementation. Second, the prob-
lem might be impossible, in which case random search might be near-optimal.
Third, the algorithm’s hyperparameters might be poorly-tuned. Fourth, the
algorithm might be a weak algorithm for the given setting.

To distinguish between these, one can examine the actions that an algorithm
picks. In a reasonable problem, a good algorithm should typically pick points
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which balance expected performance with uncertainty. In addition, selected
actions’ posterior uncertainty should be neither zero nor maximal. One can
compute and display appropriate quantities, such as posterior means and stan-
dard deviations, to evaluate whether this happens. If it does not, it can be an
indication of a poorly-chosen model or poor tuning.

As a second, closely-related baseline, it can be worthwhile to consider max-
variance search: this algorithm chooses the point of highest uncertainty at each
iteration. Similar to random search, if this algorithm is strong, it gives an indi-
cation that the episodic decision problem under study is not particularly rich.

In spite of how basic these comparisons are, and how easy they are to carry
out, our experience is that they are not always performed—even in published
research. It is also our experience that outperforming random search in rela-
tively sophisticated practical settings, for instance those with a sufficiently high-
dimensional action space, is often much harder than one would expect.

Problem randomization. To the extent it makes sense, in light of computa-
tional costs and other concerns, a benchmark should be randomized: this en-
sures an algorithm cannot perform well purely because it prefers certain ac-
tions, independent of any learning. Concretely, in global optimization, algo-
rithms that tend to pick points near zero, no matter what happens, will perform
better on objective functions whose optimum is at zero. This can be counter-
acted by randomizing the location of the optimum.

The principle here is that a benchmark should define a non-trivial episodic
decision problem: its function class should not be a singleton. If one con-
siders average-case performance, randomization corresponds to the Bayesian
episodic decision problem variant. It can also be used to approximate perfor-
mance of a stochastic variant, where the function class R is defined by the dis-
tribution’s support: to do this, one should not average, but instead compute
worst-case performance over all random samples.

Model evaluation. A Bayesian decision-making algorithm involves multiple
moving parts: the Bayesian model, its numerical implementation, and the de-
cision rule built on top of the model. We recommend evaluating these by as-
sessing the model’s performance first: if a model is not working well, there is
no reason to expect a decision-making algorithm built on top of it to work well.

In particular, a Bayesian model’s performance can be assessed by considering
how accurate its predictions are on a held-out test set. Moreover, a model’s
marginal likelihood, if it can be computed, directly indicates how typical or
atypical a model views the data it has seen, which in turn provides a sense of
how well the model expects itself to perform. For more about Bayesian model
evaluation in Gaussian process models, which are the most-common models
used in Bayesian optimization, see Rasmussen and Williams (2006).

Normalization. A given algorithm for an episodic decision problem can ei-
ther be implemented directly according to its equations, or with normalization,
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defined as follows. At each time point, we compute the normalized observations

(std) _ 014 — mean(oy.)
oy = 2.45
1:t st d( Ul:t) ( )
and provide these to the model instead of the original observations, where we
have assumed that computing means and standard deviations actually makes
sense in the given setting. Note that the rescaling this gives is time-dependent.

By changing the behavior of a Bayesian model, normalization will change how
an algorithm explores, and will generally do so in a non-obvious manner. We
are not aware of any general theoretical study of its behavior. Nonetheless,
there is strong empirical evidence that using it often significantly improves
performance and reliability in practice, and as a result it is usually enabled
by default in practical black-box optimization packages.

It is difficult to speculate whether these observations are due to better algorith-
mic behavior, or due to better-behaved models or other aspects of problem for-
mulation. When benchmarking an algorithm, we therefore recommend trying
it both with and without normalization, and reporting both results.

Numerical stability. Almostall Bayesian models require computational meth-
ods in order to actually obtain their posterior distribution in practice. These can

involve everything from numerical linear algebra, for instance to solve linear

systems arising in Gaussian process models, to optimization and sampling al-
gorithms. For each numerical algorithm used, one should consider carefully

whether its behavior will change significantly if implemented in 64-bit floating

point arithmetic instead of 32-bit arithmetic.

For an introduction to these considerations, we refer the reader to Higham
(1996). At the same time, there are enough algorithms one might use under-the-
hood for Bayesian computation, that no single treatment can hope to cover all
that one might encounter—especially new or recently-popularized algorithms.
Thus, we omit further details. In practice, one should expect to need to think
about the situation at hand, at least a little bit, in every case individually.

There is, however, one very useful fact about floating-point arithmetic that one
can use to improve numerical stability of many implementations: there are
about as many floating-point numbers in the interval [0, 1) as in [1, c0). Thus,
where choices are possible, it is often a good idea to standardize the numerical
representation of actions and other variables to ensure they live near the origin.

Acquisition function optimization. In practice, for algorithms based on ac-
quisition functions—as all algorithms considered in this book are—one needs
to solve their respective optimization problems numerically. These optimiza-
tion problems are essentially-never convex. The standard approach for solving
them is to apply multi-start gradient-based optimization: one picks a set of
random initial points, runs an optimization algorithm on each point in paral-
lel, and picks the best achieved value.
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In practice, both stochastic optimization methods such as Adam, and more clas-
sical quasi-Newton methods such as L-BFGS, are commonly used—the latter
only for purely-deterministic acquisition functions which do not involve ran-
dom sampling in their computations, where its use actually makes sense. For
such algorithms, we recommend trying both approaches, comparing perfor-
mance, and choosing whatever method is strongest in practice.

Evaluation with and without model mismatch. We recommend that Bayesian
algorithms are evaluated both with and without model-mismatch, to quantify

the effect that it has on performance. The principle here is that good algorithms

should be general: their performance should not be fundamentally tied to the

reward function class or distribution.

To evaluate a model without model-mismatch, one can randomly sample re-
ward functions from it. In some model classes, this may require appropriate
approximations, which are safe to make as long as the error they induce is com-
parable to other sources of errors in the total setup.

To evaluate a model under model-mismatch, one can benchmark it against re-
ward functions from a standard benchmark suite. We discuss this in more
detail next. For now, though, we emphasize that performance under model-
mismatch can change in model-specific ways, and can also be affected by nu-
merical implementation aspects, such as training algorithm convergence.

Use of both synthetic and empirical benchmarks. When evaluating an al-
gorithm on a benchmark suite of reward functions, we recommend using a
combination of both synthetic benchmark functions, and those constructed to
resemble real-world problems. The implied reward function classes that such
examples come from can be significantly different from one another. As a re-
sult, understanding how performance differs in both cases can provide infor-
mation about an algorithm’s overall reliability.

Use of both community-standard and original benchmarks. Finally, when
evaluating an algorithm’s performance, we recommend considering both stan-
dard benchmarks widely used in the literature, such as the well-known Ackley
and Rosenbrock functions, and bespoke benchmarks which are different from
those considered by others. A good algorithm should perform similarly in both
cases, and should avoid overfitting to the specific instances the community has
collectively decided to test most algorithms on.

2.5.2. Benchmarking Bayesian Optimization

To conclude this section, we present a simple comparison of each of the decision-
making algorithms studied in this book’s chapters, using a from-scratch im-
plementation written in a manner that aims to be long-term reproducible. In
doing so, our goal is to provide a simple snapshot of how well the methods
studied in today’s era actually work. We describe our benchmark suite and full
experimental details in Appendix E
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2.6. Exercises

The exercises in this book will be of a somewhat non-standard character: they
are not intended to be attempted in isolation by the reader, but are instead de-
signed for cooperative use with an Al assistant. Thus, they are somewhat less
precisely specified than typical mathematical exercises. The intention is that,
in working together with the Al system to complete them, you apply an appro-
priate degree of effort to engage deeply with the material, thinking carefully
about what is going on.

Some of our exercises will focus on constructing definitions and exploring their
properties. When working through these, you should instruct the Al to never
reveal an exercise’s answer to you—instead, when tempted to do so, it should
ask you a carefully-chosen guiding question in response. Thinking about this
question should help you realize what you need to do to make progress towards
the answer. You should allow the Al to perform calculations for you, but should
also rely solely on your own thinking to tell it what calculations to perform.

Other exercises will require you to implement a minimal software package to
put the definitions into practice. The purpose here is to learn how the math-
ematical ideas map onto software, and gain command over all of the details
involved in such an implementation. You should take a central role in design-
ing your package’s structure, abstractions, and interface, and think carefully
about how to make them as clean as possible. You should hand over low-level
numerical details to Al, and then verify that they are implemented correctly.

2.1 (Simple vs. Cumulative Regret). In this exercise, you will study the relation-
ship between simple and cumulative regret. Construct a pair of algorithms,
which are allowed to depend on the time horizon 7', where, respectively:

1. Cumulative regret is o(T"), but simple regret does not converge to zero.
2. Simple regret converges to zero, but cumulative regret is Q (7).

In spite of this, the two notions are closely related. For T > 2, show that:
1. For any algorithm, we have

Ry(p,r) < (1+1ogT) firllaXTt ~re(p, ). (2.46)

2. Given an algorithm p, there exists an algorithm p’ for which

1
rr(p',r) < ﬁRT(p, r). (2.47)
In doing so, you might find it helpful to work with the time-horizon-weighted
simple regret, defined as ¢ - ry(p,r).

2.2 (Budget-constrained Regret). In this exercise, you will define another vari-
ant of an episodic decision problem, together with an associated form of regret.
To do so, write down formal definitions for each of the following steps:
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1. Extend Definition @ to additionally include a cost function class C. Decide
which components of the core definition need to be modified, and how,
in order to ensure that the resulting definition makes technical sense.

2. Extend Definition to allow the algorithm to decide when to stop the
decision-making process, formalizing the ideas discussed informally in
the context of cost-adjusted simple regret.

3. Let B > 0 be a number corresponding to the total cost budget. Introduce
a notion of a feasible algorithm class, consisting of algorithms that do not
exceed the budget, and formalize this notion in at least one way.

4. Consider alternative definitions for the above step. Can you think of a
second, non-equivalent way to formalize such a notion of a feasible al-
gorithm class? Hint: the algorithm’s choice to stop can be performed
adaptively based on the randomly-generated data. Should we require
constraints to hold in all random realizations? Or, is it enough for them
to hold most of the time? What about on average?

5. Deduce whether the notion of simple regret continues to make sense under
your chosen form of a feasible algorithm class. Is there always at least one
algorithm which satisfies the constraint?

6. Consider the Bayesian form of simple regret, together with your defini-
tions introduced above. Does the optimization problem for the Bayesian
optimal policy form a constrained optimization problem? If so, formally
write down the optimization objective and constraint set.

7. Suppose the resulting optimization problem is regular-enough that a La-
grange Multiplier Theorem holds. What can you conclude about its La-
grangified form? Does it resemble a definition you have seen previously?

For the last step, you are welcome to rely on informal reasoning: making this
step fully precise and correct, in cases where it is possible, is more difficult than
it looks. The problem is that a very careful handling of tie-breaking rules may
be needed to ensure that an appropriate Lagrange Multiplier Theorem actually
holds with equality.

2.3 (Research as an Episodic Decision Problem). In this exercise, your goal will
be to show that the process of studying the mathematical properties of an
episodic decision problem can itself be viewed as an episodic decision problem.
Assume that we have an episodic decision problem, together with a collection
of N algorithms for solving that problem. Then:

1. Formally define an action space which corresponds to benchmarking each
possible algorithm in some manner chosen by you, where each algorithm
can be benchmarked in at least two different ways.

2. Formally define a reward function class which maps each algorithm to
its overall ground-truth rank, where the best algorithm is ranked first, the
worst algorithm is ranked last, and the rank is assumed to depend only on
the algorithm. What properties must the reward function class satisfy?
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3. Formally define an observation space and feedback function which de-
scribes the output produced when a given algorithm is tested. Describe
the relationship between the types of benchmarks and the algorithm'’s
ground-truth rank.

4. Describe the tradeoffs between explore and exploit which occur in your
setup. How would you expect these to change, intuitively speaking, if
a cost function class was added in, so that benchmarks were split into
cheap-but-noisy and expensive-but-accurate options?

2.4. Build a library using your favorite machine learning programming frame-
work for black-box global optimization benchmarking. To do so:

1. Implement at least the Ackley, Levy, and Rosenbrock functions, whose ex-
pressions are given in Appendix EV

2. Invent and implement at least one original benchmark objective function.
How easy or difficult do you expect this objective function to be?

3. Implement and test the random search algorithm on these benchmarks.
How well does it do, in terms of regret?

2.5. Find a library built on top of your favorite machine learning programming
framework which supports Bayesian learning via Gaussian process models, or
any other model class of your choice. To prepare for exercises in future chapters,
which will involve implementing Bayesian optimization under various acqui-
sition functions, you will implement the abstractions needed to run a decision-
making loop. To do so:

1. Build a class representing the learner, which includes the Gaussian pro-
cess or other Bayesian model chosen by you, together with an acquisition
function, and a record of all data that has been seen so far.

2. Implement the random search acquisition function, which ignores the
model and data, but will form an initial baseline.

3. Implement a class for the decision-making loop, and run the model to-
gether with the random search acquisition function. Verify the regret
matches that of the previous benchmarking exercise.

You are encouraged to complete this exercise only partially, and return to it as
you read further chapters and learn about actual algorithms and acquisition
functions. These will make it more clear how to organize your code cleanly.

2.6. Modify the proof of Theorem to relax the finiteness assumptions on A
and ¥, replacing them with the most general notions you have command over.
Hint: at minimum, we recommend taking A, ¥, and R to be Polish topological
spaces, with A and ¥ compact, R consisting of uniformly bounded functions,
all relevant functions assumed measurable, and, if needed, garblings allowed
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to depend on the prior ¢. If the preceding notions are unfamiliar or difficult, try
with A finite, ¥ = [0, 1], and where o admits a continuous Lebesgue density.

2.7. Prove Proposition . Hint: consider first learning the proof of Propo-
sition , which is similar. The main difference you should expect is that
the argument’s core will involve the Bretagnolle-Huber inequality instead of
Pinsker’s inequality.

2.7. Deferred Proofs

Theorem 2.23. Leto; : R x A - My(X) and oz : R x A — My(X) be two
feedback functions, where A and ¥ are assumed finite. Then the following are
equivalent:

1. For any two episodic decision problems of the Bayesian variant whose
feedback functions are mutually-analogous to o, and o3, and where all
other components are defined identically—including the priors and time
horizons—the respective value functions satisty Vyipp »(s0) < Vyipp 1 (S0)-

2. There is a GARBLING g € M;(X | ¥ x A) such that os(r,a) = g(o1(r,a),a)
forallr € Randa € A.

3. Under the same quantifiers as in the first point, the set of feasible action-
sequence distributions is larger under oy than o, in the sense Ay C A;.

As consequence, one can define the BLACKWELL ORDER = over feedback func-
tions, which forms a partial order, up to an equivalence.

Proof. Our argument loosely follows De Oliveira (2018, Theorem 5), but is adapted
to the sequential setting and formalism used by this book. We will proceed by
proving a circular chain of implications 1 = 2 => 3 = 1 for the three character-
izations. Before diving into the technical details, it is worth briefly noting why
each implication ought to hold:

1. 1 = 2: arguing by contrapositive, if no garbling exists, then o provides
genuinely different information compared to o2, so picking a reward that
depends on that information leads to the opposite inequality on optimal
values compared to what was assumed.

2. 2 = 3: an algorithm can always choose to imitate a garbling using its
own internal randomness, so the set of algorithms pre-garbling is at least
as big as the set of algorithms post-garbling.

3. 3 = 1: the optimal value Vyjpp can be written as the maximum of a
certain linear functional over the set of feasible action-sequence distribu-
tions, thus increasing the feasible set results in a higher value.

We now make these claims precise.
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PartI: 1 = 2. We argue by contrapositive: assume that for any garbling g €
Mi(2 | £ x A) thereisana € A and 7 € R such that 02(7, @) # g(o1(7, a), @).
Since ¢ is by definition a function of a, we can equivalently assume that there is
an a such that for any garbling ¢(-,a) € M;(X | ¥) thereis an 7 € R for which
o2(T,a) # g(o1(7,a)). From this, we seek to prove VI\t[DP,aé(SO) > Wipp,o! (s0)
for some mutually-analogous ¢}, 05, as well as T' and g. We choose T' = 2.

Next, we handle the choice of ¢q. For each r, define the set {g € M;(X | X) :
oa2(r,a) = g(o1(r,a))}, which is a closed subset of M (X | ¥). By hypothesis,
the intersection of such sets over all of R is empty. Since M; (X | X) is a compact
subset of R? for some d, there must be a finite subset R4 € R for which the
intersection is also empty. Choose ¢ to be uniform on this subset.

We now define the mutually-analogous feedback functions. Choose A’ to be
the disjoint union A’ = A @ ¥ @ {@}. For each function r € R,, define the
function

0 a=a
c ac A\ {a}
s(r,a) a€X
c—i(r) a=0

r'(a) = (2.48)

where i : R, — [0, 1] is an arbitrary injective function, ¢ < 0 is a constant, and
s : Rg x ¥ — Ris a function, the latter two to be determined later. Define R’ to
be the set of all such functions: by injectivity of 4, it is in bijection with R, C R,
so take p the inverse of this bijection. Together, these ingredients, along with
the requirement of being analogous to o1 and o9, respectively, lead uniquely to
a definition of o and ¢5. Consider the set of all garbled observations

G = {g(o1(r,@)) € Mi (S| Ry) 1 g € My(E | D)} (2.49)

This set is convex and compact, and by definition of R, we have o3(-,a) ¢ G.
Hence, there is a function s : R4, x ¥ — R for which

TINEq s(r,¢) < TINEq s(r,s), Vye€gq. (2.50)
s~y (e|r) s~oa(r,a)

Moreover, given one such function, one can always obtain another one by adding
any constant-in-¢ function. Using this, we replace s(r,<) with s(r,s) — s(r,s¥),

where ¢ = argmax_y, E,4 5(r, <), with ties broken arbitrarily. This gives a

choice of s which satisfies the same inequality, along with the properties

s(r,s;) =0, VreR, E s(r,¢) <0, VsegZX. (2.51)
re~q

We now relate the two sides of the above inequality to the optimal policies of
interest, starting with the left-hand-side. Given T' = 2, we take two actions, call
them a; and ay. We have

Vaop,or (o) = sup  E '(a1) + E sup E(r'(a2) | a1,51)  (2.52)
1 a €A T~ §1~al(r’,a1)a2€A/

denote by ()
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where the latter conditional expectation is taken over the respective posterior
distribution over r’. Consider the inner supremum: given a; and ¢;, we have

0,c,c—E(i(r) | a1,¢1),

@
sup E(r'(az) | a1,51) = max sup E(s(r,az) | a1, 1) (2.53)
az €A’ a2EY

@ sup E(s(r,a2) | a1,1) (2.54)

asEX

where (i) follows by splitting the supremum into four cases, (ii) follows because
s(r,s¥) = 0for all r € R, implies E(s(r,s}) | a1,s1) = 0, which together with
¢ < 0Oandi(r) > 0, implies c —i(r) < ¢ <0 < sup, o E(s(r,az) | a1,61). In
doing so, we have calculated the optimal value function at ¢ = 2. To handle
t = 1, we will bound the sum which occurs inside the outer supremum for all
possible values of a;. We need to handle four cases:

1. a1 = a. Then r'(a1) = 0, and the sum equals

()= E  supE(s(r,a) | a1,1) (2.55)
r~d az€X
§1~Ui(r/,a1
= /E ’ S(’I“, azl,ﬂ) < rIEq S(T; C) (256)
r’~q

si~ol (1 a1) s~o2(r)

by taking «y to be the conditional distribution of any choice of maximizer
a; .- Since ap is fixed, this conditional distribution depends only on ¢,
and hence lies in G.

2. a1 € A\ {a}. Then'(a1) = ¢, and the sum equals

() =c+ E  sup E(s(r,a2) | a1,1) (2.57)
T ~q as€eEX
si~op(r',a1)

<0= TIEqs(r, )< rI@q s(r, <) (2.58)
s~oo(r,a)

by taking ¢ < —sup, .z 5 s(r;<), which is finite by finiteness of R,

and ¥, and v = é.-, at which point all choices deferred at the beginning

have been determined. This conditional distribution lies in G because it

contains all constant kernels.

3. a1 € X. Then ¢; = X deterministically, and the posterior over ' is equal
to the prior, which means sup,, s, E(s(r,a2) | a1,51) < 0and
(x) < TINEqs(r, ar) < T]Eq s(r, <) (2.59)
srvoa(r,a)
by taking v = d,,, which similarly lies in G because it is constant in ;.

4. a1 = [@. As in the third case, we have ¢; = K, and the posterior over 7’ is
equal to the prior. Using ¢ —i(r) < 0 and sup,, .5, E(s(r, az2) | a1,61) <0,
we get an upper bound of zero on the sum. From there onwards, the
desired upper bound follows identically to the second case.
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Together, this proves

Vapp,op (s0) < E - s(r,<). (2.60)
s~oa(r,a)

We now proceed to handle the right-hand-side of this inequality: define the

policy 7 to be the policy that chooses a; = @ and a; = ¢ € A’, where ¢ ~

ob(r’, a1) is the observed feedback. Then we have

@) 1, (r) W
E  s(r¢) = VMDP /(30) < VMDPU (so) (2.61)

r~q
s~oa(r,a)

where (i) follows by definitions of " and VASBP’JQ, and (ii) follows by optimality.
Combining inequalities, we conclude VMDP, o (so) > VMDPp, 0! (so). PartI follows.

Part II: 2 = 3. Assume the existence of a garbling ¢ such that o3(r,a) =
g(o1(r,a), a). To ease notation, we prove the claim for ; and o3: the argument
will extend immediately to a mutually-analogous pair. Take A,, € A,,, which
we recall is a function A, : R — M;(Seq(4)), and denote its associated algo-
rithm by p, € P, which we also recall is a function p, : Seq(A4 x £) — M (A4).
We need to show )\, € A,,. To do this, define the algorithm p; according to

ag41 ~ P2 (al:t7 El:t) 57’ ~ g(UT, aT) (262)

where we extend g to act on the random variable o, ~ o1(r, a,) in the natural
manner. This algorithm uses its internal randomness to apply the garbling to
the feedback it receives from o1, consistently across time, then plugs the result
into p2. The construction almost suffices: however, understood literally, p; is
not a map from Seq(A x X) into M (A4), due to the use of auxiliary randomness.

To alleviate this and define a valid algorithm, we marginalize this randomness
out, and instead draw ¢;.; at each time point from the respective conditional
distribution given a;.¢, o1.+. This defines a map p; € P, for which A, € A,, by
construction. At the same time, since g(o1(r,a;),a,) = o2(r, a.), by standard
properties of conditional distributions the action-sequence distribution of p; is
identical to that of py, hence A\,, = A,,. Part II follows.

PartIIl: 3 = 1. Assumethat A, C A,. To show the claim, it suffices to show
that an optimal value function Vyjnp can be written as a supremum taken over
its respective set A. For this, note that by definition of A we have

T
Zr ag) = Z (r(ag) | 7). (2.63)
t=1

ar. TNA(T) i1

Taking expectations and applying the Tower Rule gives

T T T
Zr ag) = INE Z: r(a:) | r) = aﬁer (2.64)

r~q t=1
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Taking suprema over P of both sides, and using the fact that A is by definition
parameterized by P to rewrite the expression in terms of an equivalent supre-
mum over A, we obtain

T T

sup E > r(a )fsupathZr(at):Vl\’,}DP(so). (2.65)

AeA anT oA i PEP rrg =1

Using this representation, the desired implication follows by relaxing the supre-
mum defining VI\’ZDPA’Ué from A,y to A/, obtaining Vl\j[DP,a;' Part III follows. W

Proposition 2.34. Consider adversarial online learning under full feedback, with
bounded rewards R = {r : A — [—1,1]} and no noise. Define the reward dis-
tribution q to be independent Rademacher across time and actions, namely

r¢(a) ~ Rad(3). (2.35)

Under this distribution, for any algorithm, if we suppose that N = |A| > 16, T
is even, and T' > log N, then

115 TlogN < Rr(-,q). (2.36)
Proof. There are many variations of the argument presented here known within
the literature’s folklore: the one we give is essentially a specialization of Orabona
(2026, Theorem 5.1 and Theorem 5.3), to our setting—which, themselves, are
a sharpened form of Orabona and Pal (2015, Theorem 8). For an alternative
argument, see for instance Negrea et al. (2021, Appendix C). Our strategy will
be to apply various binomial probability estimates, including a tail bound, and
we begin by rewriting the regret into a form amenable to this. Note first that

RT(p7Q) :' E RT(p7Tla“arT) (266)
= a,~p sup Z ri(a) —ri(ay) = T,Eq sup Z ri(a (2.67)
Tervg A€A (1 a€A j—1

because a; and r; are independent, and E,, ., ¢ (a;) = 0 since this is an expec-
tation over a Rademacher random variable. This means that, for any p, the ex-
pected regret equals the supremum of an N-dimensional random vector whose
components are independent Rademacher sums, which are in turn rescaled bi-
nomials. We will change notation to make this explicit, by writing

T
Ryp(p,q)= E suert =E sup Zem =2E sup b,r—T (2.68)
Tt ge A =1 n=1,..,N 41 n=1,...N

where ¢,,; ~ Rad(3) independently across n and ¢, which means #
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Ber(%), and in turn b,, 1 ~ Bin(T, 1). Continuing from above, write
2 ) 2 g

Rr(p,q) =2E sup byr—T (2.69)
n=1,..,.N

221@( sup bnT>u>—T (2.70)
=T-2)" 1}»( sup by < u) (2.71)
u=1 n=1,..,N

@ —QZ]P’blT<u 2.72)

where (i) follows from the tail sum identity for expectations of non-negative

random variables, where the upper sum index is T'because P(b,,,r > T+1) = 0,

and (ii) follows because b,, r are independent and identically distributed across
n. From here, the idea is to split the sum to reflect two distinct regimes: for u
small the overall probability is mostly governed by the fact that there are N
binomials, whereas for u large it is mostly governed by tail behavior. Write

T/2 T
RT(p,q):T—2ZP(b17T<UN—2 Z Pb1T<U (273)
u=1 u—€+1

T/2 T/2

T N
> NZZPb1T<U—QZ (b1T<+q> (274)

applying P(b17 < u) < 3 foru < T to N — 1 of N terms, and using the
assumption that 7" is even. Let us examine the middle term. We have

T/2 T/2

i T
Z Py <u)=E Z Lp, p<u 9 & max <O, - - bLT) (2.75)
u=1 u=1 Y 2
Gy 1 _|T (i) /T
=—-E|=— -0 < — 2.7

where (i) follows because the sum of indicators by definition counts the number
of integers u above the binomial random variable, and (ii) follows because % —
b1, r is symmetric, and (iii) follows by Jensen’s inequality, along with the fact
that Var(b; r) = Z. Combining, this gives

T/2 N
Rr(p,q) > ngfQZ <b1T<T+q>. (2.77)

We are almost ready to apply the binomial tail bound, but will first simplify the
sum a little bit in order to avoid getting swallowed up by needlessly complex
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algebra later on. For this, write

O VT T N T
Rr(p.q) =T — oN QQOP(bl,T <3 + QO) - 2<2 - QO) (2.78)
T N\ VT
= 2qo (1 — (1 - P(bl,T > 35 + q0>) ) T 9N (2.79)

@ T T
> 2q0 <1 - eXP<NIP’<b1,T > 7+ QO)>) - \27? (2.80)

where for (i) we have picked a threshold ¢; € N, and used monotonicity to
bound the first gy terms in the sum by P(b; 7 < £ + o), while bounding the
remaining % — qo probabilities in the sum by one, and for (ii) we have used
the inequality 1 — (1 — z)¥ > 1 — e~N¥2. We now apply the tail bound of
Orabona (2026, Lemma A.17), whose hypotheses are satisfied because 7" is even
and g9 < T'/2 — 1, and which tells us that

P(bl,T 25+ qO) > - P (—TDKL (Ber(2 + qj?) I Ber(2>>)

3
vT
2.81)
11 PR

VT

where the second form follows more-or-less by Taylor-expanding the respective
Kullback-Leibler divergence between Bernoulli distributions: see the final line
of the proof given in Orabona (2026, Theorem 5.5). Continuing the algebra, we
get

N 1 q? gt vT
Rr(p,q) 22q0<1—exp<—3- 2qo+1exp(—279—3.1T% TS
(2.83)

go = b/:mfNJ. (2.84)

The conditions N > 16 and T" > log N imply a uniform bound on the exponen-
tial term, and after some algebra, we obtain

We now choose

1 Tlog N 1 1
Rr(p,q) > 2—3 <\/ °2g - 2) - 1—05\/@ > 1—5\/T10gN (2.85)
which gives the claim. [ |

Proposition 2.35. Consider stochastic online learning under full feedback, with
bounded rewards R = {r : A — [0,1]} and standard Gaussian noise. Define
the reward distribution g according to

r(a) = Alg—q a~U(A). (2.37)
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Under this distribution, for any algorithm, if we suppose that N = |A| > 16

and T > lo%lN, and take A = k’f—TN, then

VTTogh < Rr(-q). (2.38)

Proof. To improve readability, we prove a mild generalization where the noise
has variance ¢?. Note first that A < 1 by assumption, thus the statement itself
makes sense. Let ¢,,|, denote the conditional distribution of o; given «, under-
stood as a probability kernel. Since these are Gaussian, with the same diagonal
covariance but different means, by the standard formula for o; # a2 we have

A ey —1m,)|? _ A2

DKL(qm\al H QUtIQQ) = 22 = §72 (286)

Since 0.7 are independent across time, this means

TA?
DKL(qal:Tl(Xl || QJl:T\aa) = gT (2.87)

Next, we pass to the mutual information, by writing

) G 1 i
I(a;at) S I(Ol;o'l:T) S ﬁ Z DKL(qol;T\al || q015T|a2) S §T (288)

ar,a2€A

where (i) follows from the data processing inequality in two steps, namely by
applying I(a; a¢) < I(a;01.) < I(o;01.7), (ii) uses the fact that « is uniform in
order to apply the mixture bound on mutual information—one can prove this
by writing out the mutual information explicitly, conditioning the right-hand-
side variables on the left-hand-side variables, and applying Jensen’s inequality,
and (iii) applies the inequality 0 < T'A? for the diagonal terms in the sum, and
is an equality for off-diagonal terms.

Now, we apply the mutual information form of Fano’s inequality for uniform

«, to obtain
I(a;a) +1og?2

>1- :
Pla; £ a) > 1 log V (2.89)
The condition N > 16 together with the tuned value of A = ¢\/*&X along
with the preceding mutual information bound, imply that
1
Pla; # ) > 3 (2.90)

With this probability, each action incurs regret A. For the tuned value, we get

T
Rr(p.q) = Y0 AP(a £ 0) > 5L = & /Tlog . (2.91)

t=1

The claim follows by setting ¢? = 1. |
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Proposition 2.36. Consider a stochastic multi-armed bandit, with bounded re-
wards R = {r : A — [0,1]} and standard Gaussian noise. Define the reward
distribution q according to

r(a) = Al,—q a~U(A). (2.39)

Under this distribution, for any algorithm, if we suppose that K = |A| > 2 and

T > & andtake A = /X, then

SVET < Ra(q). (2.40)

Proof. Similar to above, we prove a mild generalization where the noise has
variance ¢2. Given «, define n,(t) to be the number of times the arm corre-
sponding to « is pulled up to time ¢. Conditional on «, each round either con-
tributes A or nothing to the regret. So, the regret can be written in terms of the
expected number of times bad arms are pulled, which is T — En, (T). Thus

Ry (-, q) = A(T = Enq(T)) (2.92)

by the Tower Rule, where the expectation is taken only over oo ~ U(A), and all
other randomness is contained inside the definition of n,. We will now analyze
this term. Note first that A < 1 by assumption.

Let ¢, |q,,o denote the conditional distribution of o; given both a; and «, under-
stood as a probability kernel. We will now make a comparison between the en-
vironment with a single-best-arm reward of size A, and one where all rewards
are zero: denote the second respective conditional distribution by ¢y, |4,,0. For
a given action at a given time, we have

2

A
Lo,—a- (2.93)

DKL(QUt|at,O H QUt|at,a) = ?

By the chain rule for KL divergences, and using the fact that actions only de-
pend on « through the history, we have

DKL(qﬂl:T,aLT\O H qiTl:T7a1:T|a) (294)
T
= EZDKL(qm}atlmzta,a1;17170 | Gov,aclori—1,a1e-1,0) (2.95)
t=1
T
= EZ DKL(qUt‘Ul:t—l;alzmo H qo’tlgl:t—l’al:ha) (296)
t=1
AQ

where m,,(t) is the amount of times arm « would have been pulled if the true
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reward was zero everywhere. By Pinsker’s inequality, we obtain

Eng (T) —Emq, (T) < |]E Na (T) —Emg, (T)| (2.98)

1
< T\/2DKL(qO'1;T7a1:T0 | 401z a7 ]a) (2.99)
= 3¢ VEma(D) (2.100)

where the T appears because 0 < n,(T) < T and similar for m,. Summing
over o then gives

(@)

Y Ena(T) <Y Ema(T) + % > VEma(T) (2.101)

acA acA acA
(ii) TA
ST+ |K> Ema(T) (2.102)
2
acA
i TAVKT
Wp, 22VEL (2.103)

where (i) applies the preceding Pinsker bound termwise, (ii) is a variant of
Cauchy-Schwarz, and (iii) uses the identity » _, ma(T) = T deterministi-
cally. We now apply this. Combining with the preceding bound gives

1 A273/2

Rr(,q) > AT(1- =) — . 2.104

r) = a7(1- ) - S (2100

Using K > 2tobound 1—+ > 1/2, and plugging in the tuned value A = §,/ &
gives the result

VKT VKT
Rr(q) 2 S5 = S = SVET. (2.105)
u

Proposition 2.37. Consider a stochastic multi-armed bandit, where the rewards
are bounded with a gap, namely

R={r:A—10,1]:r(a")—r(a) > AVa#a"} (241)

where a* = argmax, , r(a), we assume 0 < A < %, and the noise is standard
Gaussian. Define the reward distribution q according to

aq ~ U(A)
ag | ar ~U(A\ {ar})
Under this distribution, for any algorithm, if we suppose that K = |A| > 2 and

VI <A, then

r(a) = Aly=q, +28A14=q, B ~Ber(}). (242)

(K —1)logT

A < Ra(q). (243)

Proof. Exercise @ u
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